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Two-dimensional indentation of
microstructured solids characterized
by couple-stress elasticity
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Abstract
In this study, we derive general solutions for two-dimensional plane strain contact problems within the framework of
the generalized continuum theory of couple-stress elasticity. This theory introduces characteristic material lengths and is
able to capture the associated scale effects that emerge from the material microstructure which are often observed in
indentation tests used for the material characterization. The contact problems are formulated in terms of singular inte-
gral equations using a Green’s function approach. The pertinent Green’s function obtained through the use of integral
transforms corresponds to the solution of the two-dimensional Flamant–Boussinesq half-plane problem in couple-stress
elasticity. The results show a strong dependence on the microstructural characteristics of the material when this
becomes comparable to the characteristic dimension of the problem, which in the case of an indentation test is the con-
tact length/area.
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Introduction

It is well-known that the material microstructure influ-
ences the macroscopical behavior of complex materials,
such as composites, ceramics, and cellular solids either
natural (e.g. wood and cancellous bone) or man-made
(e.g. metal or polymer honeycombs and foams). The
mechanical properties of cellular materials, for exam-
ple, depend on the properties of the parent materials
that they are made of, on their relative density, and on
the cell topology. In such microstructured material, the
individual response to a load differs significantly from
one cell to another and the assumption that the materi-
al’s properties are uniformly distributed throughout its
volume fails. In addition, the classical continuum the-
ories lose their accuracy when the characteristic wave-
length of loading is comparable to the cell size. This
consequence of the microstructure upon the macro-
scopic mechanical response of the materials is usually
referred to as ‘‘size effect.’’

Size effects have been observed, among other load-
ing conditions, in indentation tests especially when the
indentation characteristic length—that is, the contact
width or more commonly the contact area—is compa-
rable to the material microstructure. In particular, it

has been shown that a strong size effect emerges upon
the hardness in polycrystalline, cellular, and polymer
materials especially in the sub-micrometer depth
regime. For example, it has been observed that the
measured indentation hardness of metals and ceramics
increases by a factor of 2 as the width of the indent is
decreased from 10 to 1mm.1–3 Moreover, indentation
of thin films showed an increase in the yield stress with
decreasing film thickness.4 Fleck et al.5 suggested that
the size effect on hardness is related to the high stress/
strain gradients present in shallow indentations. In light
of the above, and taking into account that the indenta-
tion technique has evolved to a standard method for
material characterization, the investigation of micro-
structural effects on the macroscopical behavior of the
indented material is significant.6,7
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In general, hardening of the materials is due to com-
bined presence of geometrically necessary dislocations
associated with plastic strain gradients and statistically
stored dislocations associated with plastic strains.
Although strain gradients are extensively used for the
interpretation of the size effects in plastic deformation,
they are also important for the materials that deform
elastically when the representative length of the defor-
mation field becomes comparable to the characteristic
lengths of the material microstructure. For example,
there are polymers that exhibit significant size effects in
the elastic regime.8,9 In addition, Maranganti and
Sharma10 showed that gradient effects are expected to
play a significant role in the elastic deformation of
complex cellular type of materials with coarse-grain
structure.

During indentation experiments, at very small inden-
tation depth, plastic flow does not occur until the
equivalent strain reaches a critical yield value while the
recovery during unloading is mainly elastic. For this
reason, the elastic contact theory is generally used in
order to determine the elastic modulus from a simple
analysis of the indentation load–displacement data.11

Under such circumstances, the observed response of the
material may be interpreted only through elasticity con-
siderations and strain gradients may play a significant
role upon the macroscopic response.

In order to study the size effects of microstructured
materials upon various loading conditions, two differ-
ent paths may be followed. The first one consists of
taking into account the distinct morphology of the
material through discrete modeling and incorporating
the details of the material microstructure. This
approach although very detailed and accurate suffers
since the computational cost becomes increasingly high
with increasing material complexity. The alternative is
the use of a generalized continuum theory according to
which the microstructural characteristics are smeared
out, but the characteristic microstructural length is
retained. The generalized continuum approach is very
powerful since it can be incorporated efficiently into
large computations but of course lacks the detailed
description of a discrete representation and treats
the microstructural length in an average sense.
Discrete modeling of the material microstructure
during indentation has been carried out using classical
theories,3,12–16 whereas phenomenological approaches
based on generalized continua have also been exten-
sively followed.17–22

One of the most effective generalized continuum
theories is the so-called couple-stress elasticity—also
known as Cosserat theory with constrained rota-
tions.23–25 This theory is the simplest gradient theory
in which couple-stresses make their appearance. The
couple-stress theory may be viewed as a generaliza-
tion of classical elasticity theory and differs from the
classical theory in several significant respects. In par-
ticular, the modified strain-energy density and the
resulting constitutive relationships involve besides the

usual infinitesimal strains and gradients of the rota-
tion vector. Also, the generalized stress–strain rela-
tionships for the isotropic case include, in addition to
the conventional pair of elastic constants, two new
elastic constants, one of which is expressible in terms
of a material parameter ‘ that has dimension of
length.

The couple-stress theory had some successful appli-
cations, mainly on stress concentration problems, in the
1960s and 1970s. However, in recent years, there is a
renewed interest in couple-stress theory and related gra-
dient theories dealing with problems of microstructured
materials concerning fracture, plasticity, dislocations,
and wave propagation. Recent applications include
work by, among others, Fleck et al.,5 Vardoulakis and
Sulem,26 Huang et al.,27 Lubarda and Markenscoff,28

Fleck and Hutchinson,29 Georgiadis and Velgaki,30

Grammenoudis and Tsakmakis,31 Grentzelou and
Georgiadis,32 Radi,33 Gourgiotis and Georgiadis,34 Dal
Corso and Willis,35 Gourgiotis and Piccolroaz,36

Triantafyllou and Giannakopoulos,37 and Zisis et al.38

The physical relevance of the material length scales
as introduced through generalized continuum theories
has been the subject of numerous theoretical and
experimental studies. Chen et al.39 developed a conti-
nuum model for cellular materials and concluded that
the continuum description of these materials obeys a
gradient elasticity theory of the couple-stress type. In
the latter study, the intrinsic material length was natu-
rally identified with the cell size. Furthermore, regard-
ing cellular solids, Tekoglu and Onck16 compared the
analytical results of various gradient-type generalized
continuum theories with the computational results of
discrete models through a range of basic boundary
value problems based on Voronoi representations of
cellular microstructures. The analysis that was per-
formed strictly within the elastic regime assessed the
capabilities of generalized continuum theories in cap-
turing size effects in cellular solids and connected the
cell size with the microstructural length scale.
Additionally, a recent study by Bigoni and Drugan40

provided an account of the determination of the
couple-stress moduli via homogenization of heteroge-
neous materials. Moreover, Shodja et al.41 utilizing ab
initio density functional theory (DFT) calculations
evaluated the characteristic material lengths of the gra-
dient elasticity theory for several face-centered cubic
(FCC) and body-centered cubic (BCC) metal crystals.

Experiments with phonon dispersion curves indicate
that for most metals, the characteristic internal length
is of the order of the lattice parameter, about 0.25 nm
(Zhang and Sharma42) while other small-molecule
materials have larger internal characteristic lengths.
For example, for the semiconductor gallium arsenide
(GaAs), Zhang and Sharma43 estimated a characteristic
length of about 0.82 nm, while Lakes44 estimated a
microstructural length for graphite H257 of the order
of 2.8 nm. On the other hand, in foams and cellular
materials, the characteristic lengths are comparable to
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the average cell size, whereas in laminates it is of the
order of the laminate thickness. For example, dense
polyurethane foams exhibit a microstructural length
about 0.33mm (Lakes45), while for human bones it is
around 0.5mm (Lakes44).

In this article, we deal with two characteristic plane
strain contact problems in couple-stress elasticity,
namely, the indentation of a half-plane by a cylindrical
and a wedge indentor. It is noted that Muki and
Sternberg17 were the first to study the effects of couple-
stresses upon the flat-punch indentation response
employing the method of dual integral equations. More
recently, Zisis et al.38 studied some classical two-
dimensional (2D) contact problems in the context of
couple-stress elasticity using the technique of integral
transforms and generalized functions. Here, a more
general approach is followed based on the derivation of
the fundamental Green’s function which corresponds
to the solution of the 2D Flamant–Boussinesq half-
plane problem in couple-stress elasticity.

The article is structured as follows: initially, we present
the fundamental aspects of couple-stress elasticity under
plane strain conditions. The half-plane Green’s function is
then derived using an integral transform analysis.
Employing next the pertinent Green’s function, the con-
tact problems of a cylindrical and a wedge indentor are
formulated in terms of integral equations which are solved
by analytical considerations on singular integrals and a
numerical treatment using the collocation method. The
results for the two different indentation methods are pre-
sented and the influence of the microstructure on the solu-
tion is discussed in detail. Finally, we consider the inverse
problem of practical importance which corresponds to the
determination of the punch profile for a given traction
distribution over the surface of the half-plane.

Basic equations in plane strain

In this section, we recall briefly certain pertinent ele-
ments of the linearized plane strain theory of couple-
stress elasticity for homogeneous and isotropic elastic
solids. Detailed presentations of the couple-stress the-
ory can be found in the fundamental articles of Mindlin
and Tiersten23 and Koiter.25 An interesting exposition
of the theory under plane strain conditions was given in
the work by Muki and Sternberg17 for the quasi-static
case, and more recently by Gourgiotis and Piccolroaz36

for the dynamical case.
In Figure 1, the rectangular components of the

asymmetric stress (sxx,sxy,syx,syy) and couple-stress
(mxz,myz) are shown, which act upon the faces of an
infinitesimal rectangular element of unit thickness. If
the stresses and couple-stresses vary across the element,
the shear stresses (sxy,syx) are not necessarily equal,
and if the shear stresses are equal or even zero, the
couple-stresses need not vanish.

For a body that occupies a domain in the (x, y)-
plane under conditions of plane strain, the displace-
ment field takes the general form

ux [ ux(x, y) 6¼ 0, uy [ uy(x, y) 6¼ 0, uz [ 0 ð1Þ

Furthermore, for the kinematical description, the
following quantities are defined in the framework of
the geometrically linear theory

εxx =
∂ux
∂x

, εyy=
∂uy

∂y
, εxy = εyx=

1

2

∂uy

∂x
+

∂ux
∂y

� �
ð2Þ

v=
1

2

∂uy

∂x
� ∂ux

∂y

� �
, kxz =

∂v

∂x
, kyz =

∂v

∂y
ð3Þ

where ε is the usual strain tensor, v is the rotation, and
(kxz, kyz) are the non-vanishing components of the cur-
vature tensor (i.e. the gradient of rotation) expressed in
dimensions of [length]21.

Accordingly, assuming vanishing body forces and
body couples, the equations of equilibrium in the pres-
ent circumstances reduce to

∂sxx

∂x
+

∂syx

∂y
=0,

∂sxy

∂x
+

∂syy

∂y
=0,

sxy � syx +
∂mxz

∂x
+

∂myz

∂y
=0

ð4Þ

Equations (4) are the Cosserat equations of equili-
brium in two dimensions. Moreover, the constitutive
equations read

exx=(2m)�1 sxx � n(sxx+syy)
� �

,

eyy =(2m)�1 syy � n(sxx+syy)
� �

,

exy =(4m)�1(sxy +syx)

ð5Þ

and

kxz=(4m‘2)�1mxz, kyz =(4m‘2)�1myz ð6Þ

where m, n, and ‘ stand, respectively, for the shear mod-
ulus, Poisson’s ratio, and the characteristic material
length of couple-stress theory.24

σyy

σxx

σxy

σyx

mxz

myzy

x

Figure 1. Rectangular components of stress and couple-stress.
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The compatibility equations in terms of the stress
and the couple-stress components assume then the fol-
lowing form17

∂2sxx

∂y2
� ∂2

∂x∂y
(sxy +syx)+

∂2syy

∂x2
= nr2(sxx+syy)

ð7Þ
∂mxz

∂y
=

∂myz

∂x
ð8Þ

mxz= � 2‘2
∂

∂y
sxx � n(sxx +syy)
� �

+ ‘2
∂

∂x
(sxy +syx)

ð9Þ

myz=2‘2
∂

∂x
syy � n(sxx+syy)
� �

� ‘2 ∂

∂y
(sxy +syx)

ð10Þ

Note that only three of the four equations of com-
patibility are independent. Indeed, equations (8)–(10)
imply equation (7), while equations (7), (9), and (10)
yield equation (8).17,24

The complete solution of equations (4) admits the
following representation in terms of the Mindlin’s stress
functions24

sxx=
∂2F

∂y2
� ∂2C

∂x∂y
, syy=

∂2F

∂x2
+

∂2C

∂x∂y

sxy = � ∂2F

∂x∂y
� ∂2C

∂y2
, syx = � ∂2F

∂x∂y
+

∂2C

∂x2

ð11Þ

and

mxz =
∂C

∂x
, myz=

∂C

∂y
ð12Þ

where F [ F(x, y) and C [ C(x, y) are the arbitrary
but sufficiently smooth functions. Furthermore, substi-
tution of equations (11) and (12) into equations (9) and
(10) results in the following pair of differential equa-
tions, for the stress functions

∂

∂x
(C� ‘2r2C)= � 2(1� n)‘2r2 ∂F

∂y

� �
ð13Þ

∂

∂y
(C� ‘2r2C)=2(1� n)‘2r2 ∂F

∂x

� �
ð14Þ

which, accordingly, lead to the uncoupled partial differ-
ential equations (PDEs)

r4F=0 ð15Þ
r2C� ‘2r4C=0 ð16Þ

Note that the above representation reduces to the
classical Airy’s representation as the quantities ‘, ∂xC,
and ∂yC tend to zero. In addition, combining equations
(2)–(5) and (11) and (12), one can obtain the following
relations expressing the displacement gradients in terms
of Mindlin’s stress functions

∂ux
∂x

=
1

2m

∂2F

∂y2
� ∂2C

∂x∂y
� nr2F

� �
ð17Þ

∂uy
∂y

=
1

2m

∂2F

∂x2
+

∂2C

∂x∂y
� nr2F

� �
ð18Þ

∂ux
∂y

+
∂uy

∂x
= � 1

2m
2
∂2F

∂x∂y
� ∂2C

∂x2
+

∂2C

∂y2

� �
ð19Þ

Half-plane Green’s functions

The definition of a Green’s function can be used math-
ematically to derive solutions to point load problems,
either within the elastic body or on its surface. A multi-
tude of Green’s functions within the context of classical
elasticity is available in the literature for different sur-
face geometries (see, e.g., Green and Zerna46). In a 2D
setting, the problem of determining the stress and dis-
placement fields in an isotropic half-space subjected to
a concentrated line load on its surface is the celebrated
Flamant–Boussinesq problem (see Figure 2). The
Flamant–Boussinesq solution of classical elasticity is
discussed among others, for example, by Love,47

Fung,48 and Timoshenko and Goodier,49 and enjoys
important applications mainly in contact mechanics
and tribology, since it can be used as a building block
for the formulation of complicated contact problems
(see, e.g., Johnson,50 Hills and Nowell,51 and Barber52).

In the context of generalized continuum theories,
concentrated load problems have been extensively stud-
ied suggesting solutions that significantly depart from
the predictions of classical elasticity. A thorough review
on the subject can be found in the recent work of
Georgiadis and Anagnostou.53 Regarding the couple-
stress theory, Muki and Sternberg17 were the first to
derive the asymptotic fields for the stress field in the
Flamant–Boussinesq problem. Here, we provide a full-
field solution for the Flamant–Boussinesq problem
which is accordingly used as the pertinent Green’s func-
tion for the formulation of the plane contact problems.

We consider a body occupying the half-plane
(� ‘ \x\ ‘, y. 0) under plane strain conditions
subjected to a normal line load P on its surface. The

P

x

y

y=0

Figure 2. Normal load acting on the surface of an elastic half-
plane.
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point of application of the concentrated load is taken
as the origin (x= y=0) of a Cartesian rectangular
coordinate system. The intensities of the concentrated
loads are expressed in dimensions of [force] [length]21.

The boundary conditions along the surface y=0
become

syy(x, 0)= � Pd(x) for � ‘ \ x\ ‘ ð20Þ
syx(x, 0)=0 for � ‘ \ x\ ‘ ð21Þ
myz(x, 0)=0 for � ‘ \ x\ ‘ ð22Þ

where d(x) is the Dirac delta function. It is noted that
the solution procedure for the case of a tangential load
acting on the surface of a half-plane is directly analo-
gous to what will be presented next and for this reason
is omitted for sake of brevity.

The problem is attacked with the aid of the Fourier
transform on the basis of the stress function formula-
tion summarized earlier. The direct Fourier transform
and its inverse are defined as follows

f̂(j)=

ð‘
�‘

f(x)eijxdx ð23Þ

f(x)=
1

2p

ð‘
�‘

f̂(j)e�ijxdj ð24Þ

where i[ (� 1)1=2.
The transformation of equations (15) and (16)

employing equation (23) yields the following ordinary
differential equations (ODEs) for the transformed
stress functions

d4F̂

dy4
� 2j2

d2F̂

dy2
+ j4F̂=0 ð25Þ

‘2
d4Ĉ

dy4
� (1+2‘2j2)

d2Ĉ

dy2
+ j2(1+ ‘2j2)Ĉ=0 ð26Þ

whereas the transformed stresses, couple-stresses, and
displacements become

ŝxx =
d2F̂

dy2
+ ij

dĈ

dy
, ŝyy = � j2F̂� ij

dĈ

dy

ŝyx = ij
dF̂

dy
� j2Ĉ, ŝxy= ij

dF̂

dy
� d2Ĉ

dy2
ð27Þ

m̂xz= � ijĈ, m̂yz =
dĈ

dy
ð28Þ

and

ûx =
1

2mj
i(1� n)

d2F̂

dy2
� j

dĈ

dy
+ inj2F̂

 !

ûy =
1

2mj2
(1� n)

d3F̂

dy3
� (2� n)j2

dF̂

dy
� ij3Ĉ

 !

ð29Þ

The governing equations (25) and (26) have the fol-
lowing bounded solution as y!+‘

F̂(j, y)= C1(j)+ yC2(j)½ �e� jj jy ð30Þ

Ĉ(j, y)=C3(j)e
� jj jy +C4(j)e

�gy ð31Þ

where g [ g(j)= (1=‘2 + j2)1=2.
Enforcing now the boundary conditions (21) and

(22) results in the following equations for the unknown
functions Ci(j) (i=1, . . . , 4)

C2(j)= jj jC1(j)� ij(1� jj j�1g)C4(j) ð32Þ
C3(j)= � g jj j�1C4(j) ð33Þ

where the functions C2(j) and C3(j) are related through
the compatibility equations (13) and (14) as follows

C3(j)= � 4i‘2(1� n)jC2(j) ð34Þ

Upon substitution of the functions Ci(j) into equa-
tions (29)–(31), and utilizing the fact that ûx(x, j) and
ûy(x, j) are odd and even functions of j, respectively,
the components of the transformed displacement field
become

ux(x, y)=
�i
p

ð‘
0

ûx(j, y) sin (jx)dj ð35Þ

uy(x, y)=
1

p

ð‘
0

ûy(j, y) cos (jx)dj ð36Þ

where

ûx(j, y)=
iP

2mjD
4‘2(1� n)j2ge�gy
�

+ g(yj � 1+2n)� 4‘2(1� n)j3
� �

e�jy
�
,

ð37Þ

ûy(j, y)=
P

2mjD
½4‘2(1� n)j3e�gy

+ ðgðyj +2(1� n)Þ � 4‘2(1� n)j3Þe�jy�,
ð38Þ

and

D [ D(j)= g � 4(1� n)‘2j2(j � g):

The tangential displacement ux(x, y) can be numeri-
cally evaluated due to the fact that ûx(j, y) is bounded
as j! 0. On the other hand, the inversion integral (36)
is divergent since the integrand behaves as
ûy(j, y)=O(j�1) for j ! 0 and, thus, has to be inter-
preted in the finite part sense (a situation analogous to
the classical elasticity case).

It is noted that in classical elasticity, the solutions for
the normal and tangential displacements are52

uclassx (x, y)=
P

2pm

xy

r2
� (1� 2n)tan�1

x

y

� �� 	
ð39Þ

uclassy (x, y)=
P

2pm

y2

r2
� 2(1� n)log(r)

� 	
ð40Þ
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The asymptotic behavior of the tangential and nor-
mal displacements in the context of couple-stress elasti-
city is examined now near the point of the application
of the concentrated load. To this purpose, we employ
theorems of the Abel–Tauber type54 and examine the
behavior of the transformed solutions (37) and (38) as
j ! ‘. In particular, it can be readily shown that

uasympt
x (x, y)=

P

2mp(3� 2n)
�(1� 2n)

xy

r2
+ tan�1

x

y

� �� 	
ð41Þ

uasympt
y (x, y)= � P

2pm(3� 2n)

"
(1� 2n)

y2

r2

+2(1� n)log(r)

#
,

ð42Þ

with r=(x2 + y2)1=2. It is noted that the displacement
components exhibit the same asymptotic behavior both
in couple-stress and classical elasticity; however, the
detailed structure of these fields is different. The strain
components can be readily calculated from equations
(35) and (36) through appropriate derivations. In fact,
it can be shown that the strains remain singular and
behave as eij=O(r�1) for r! 0. However, in marked
contrast to the classical theory, the rotation is bounded
at the point of application of the load. It is recalled that
in the classical theory, the rotation is singular, exhibit-
ing an ;r�1 variation as r! 0.

Although it is certainly possible to formulate contact
problems using equations (35) and (36), it is often more
convenient to work in terms of the displacement gradi-
ents, thereby eliminating arbitrary constants.52 To this
respect, the quantity duy=dx is evaluated at the surface
of the half-plane (y=0) as

duy

dx
=

1

p

ð‘
0

g(j) sin (jx)dj ð43Þ

with g(j)= � jûy(j, 0). The integral in equation (43) is
divergent since g(j)=O(1) as j ! ‘. In order to make
g(j) explicit and separate its singular and regular parts,
it is expedient to examine the asymptotic behavior of
g(j) as j ! ‘. Using the Abel–Tauber theorem and
noting that limj!‘g(j)= g‘(j)= � (P(1� n))=
(m(3� 2n)), we decompose g(j) as

g(j)= g‘(j)+ g(j)� g‘(j)ð Þ ð44Þ

Equation (43) then takes the following form

duy
dx

=
1

p

ð‘
0

g‘(j) sin (jx)dj

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
singular part

+
1

p

ð‘
0

g(j)� g‘(j)½ � sin (jx)dj

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
regular part

ð45Þ

which, after utilizing certain results of the theory of the
theory generalized functions and singular distribu-
tions,54 equation (45) can be rewritten as

duy
dx

= � P

pm

(1� n)

(3� 2n)

1

x
+

P

pm
N(x) ð46Þ

where

N(x)=
2(1� n)2

(3� 2n)

ð‘

0

2‘2j2ðg � j
� �

� gÞ
g þ 4ð1� nÞ‘2j2 g � jð Þ

sin (jx)dj ,

ð47Þ

Equation (46) will be used next to construct the inte-
gral equations for the contact problems.

Before we proceed further, we present some repre-
sentative results regarding the displacements and the
rotation in the Flamant–Boussinesq problem. In
Figures 3 and 4, the normal displacement and the rota-
tion are illustrated at the surface of the half-plane
(y=0) and inside the half-plane, respectively. The
results regarding the quantities at the surface are pre-
sented for various Poisson’s ratios while contours
inside the half-plane are shown only for n =0:33. In
both figures, the classical elasticity results are overlaid.
Regarding the normal displacement, it can be seen that
the logarithmically singular response of the classical
solution as x=‘ approaches the point of the application
of the load is retained in the couple-stress solution as
well. Note that the classical elasticity solution for the
present normalization is independent of the Poisson’s
ratio effect, while the solution of the couple-stress elas-
ticity for the same normalization retains the depen-
dence upon n. Regarding the rotation, it is noted that
the classical elasticity solution suggests an unbounded
behavior at the point of the application of the load;
however, this singular response is eliminated in the
couple-stress elasticity, showing zero rotation at the
same point. Of course, the effect of the Poisson’s ratio
in the case of the couple-stress elasticity is apparent in
contrast to the classical elasticity case for the present
normalization. It is emphasized that the effect of the
couple-stresses is significant near the point of the appli-
cation of the load where the rotation/strain gradients
are more pronounced. Indeed, the couple-stress solu-
tion approaches the classical one while the effect of the
Poisson’s ratio disappears as we move further from the
loading source.

Formulation of the contact problems

We now consider the stresses produced in an elastic
half-plane by the action of a rigid indentor pressed into
the surface as shown in Figure 5(a) and (b). A
Cartesian coordinate system Oxyz is attached at the
center line of the geometry. A load P is applied to the
indentor which, in the plane strain case, has dimensions
of [force] [length]21.

6 Journal of Strain Analysis

 at CAMBRIDGE UNIV LIBRARY on November 4, 2015sdj.sagepub.comDownloaded from 

http://sdj.sagepub.com/


We begin by considering the limit of the Hertz ellip-
tical contact where one axis of the ellipse becomes con-
siderably larger than the other axis.51 This limit
corresponds to a cylindrical indentor of radius R with
its axis lying parallel to the z-axis in the current

coordinate system pressed in contact with a half-plane
under the action of the force P. The two bodies are
making contact over a long strip of width 2b lying par-
allel to the x-axis (Figure 5(a)). Then, a second solution
is given for the pressure below a wedge indentor
pressed in contact with an elastic half-plane. In this
case, in order for the deformations to be sufficiently
small and lie within the frame of the linear theory, the
semi-angle a of the wedge must be close to 908 (here
a=888).

For the points lying within the contact area
(�b\ x\ b) after loading, we have the following gen-
eral geometrical boundary condition

uy = k(x) ð48Þ

which, depending on the type of the profile, takes the
following two forms

1. k(x)= d� (1=2R)x2, for the cylindrical indentor
2. k(x)= d� xj j cot (a), for the wedge indentor

where d is a positive constant.
Regarding the traction boundary conditions, we

note that since no restriction is imposed on ux and
dux=dy under the indentor, the rotation v is arbitrary
at the contact area. Thus, by enforcing the principle of
virtual power,25 we approximate zero shear and couple
tractions under the indentor. In view of the above, the
following traction boundary conditions hold for a fric-
tionless and smooth contact20

syy(x, 0)=0 for xj j. b ð49Þ
syx(x, 0)=0 for � ‘ \ x\ ‘ ð50Þ
myz(x, 0)=0 for � ‘ \ x\ ‘ ð51Þ

which are accompanied by the auxiliary condition

Figure 3. Dimensionless (a) normal displacement and (b) rotation along the surface of the half-plane due to the application of
normal point load P. Results are shown for different Poisson’s ratios n.

Figure 4. Dimensionless level sets of (a) normal displacement
and (b) rotation for the Flamant–Boussinesq problem. For both
cases, the Poisson’s ratio is n = 0:33.
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ðb
�b

syy(x, 0)dx= �
ðb
�b

p(x)dx= � P ð52Þ

where p(x) is the pressure below the indentor with the
following properties

p(x)=0 ( xj j. b) and p(x)= p(� x) ( xj j\ b)

ð53Þ

Moreover, since the indented surface is an
unbounded region, the above boundary conditions
must be supplemented by the regularity conditions at
infinity

sij ! 0 and mij ! 0 as r! ‘ ð54Þ

Singular integral equation approach

Our objective now is the determination of the contact-
stress distribution below the rigid indentor and the
determination of the associated contact length. Now
suppose that the surface of the half-plane is subjected
to a distributed normal load p(j) per unit length. The
stress and displacement fields can be found by superpo-
sition using the Flamant–Boussinesq solution as the
pertinent Green’s function—that is, treating the distrib-
uted load as the limit of a set of point loads of magni-
tude p(j)dj. It should be noted that the Flamant–

Boussinesq solution automatically satisfies the traction-
free boundary conditions (50) and (51).

In view of the above, the tangential gradient of the
normal displacement at the surface of the half-plane
assumes the following form

duy

dx
= � (1� n)

(3� 2n)pm
CPV

ðb
�b

p(s)

x� s
ds

+
1

pm

ðb
�b

N(x� s)p(s)ds, xj j\ b

ð55Þ

Accordingly, and taking into account equation (48),
we derive, after the appropriate normalization, the gov-
erning singular integral equation in couple-stress
elasticity

� 1� n

3� 2n
CPV

ð1
�1

p(~s)

~x� ~s
d~s

+

ð1
�1

~N(~x� ~s)p(~s)d~s=
pm

b

d~k(~x)

d~x
, ~xj j\ 1

ð56Þ

with ~x= x=b and ~s= s=b. Note that the first integral in
the integral equation (56) is interpreted in the Cauchy
principal value (CPV) sense. In addition, the regular
kernel is defined as

~N(~x� ~s)=
2(1� n)2

(3� 2n)ð‘
0

2q2z2 ~g � qzð Þ � ~g

~g þ 4 1� nð Þq2z2 ~g � qzð Þ
sin (~x� ~s)zð Þdz,

ð57Þ

with z = jb, q= ‘=b and ~g ¼ ð1þ q2z2Þ1=2. The above
convergent integral is a Fourier sine transform and can
be efficiently evaluated numerically employing
MATHEMATICA� algorithms that take into account
its oscillatory character. It is remarked that the govern-
ing integral equation (56) was previously obtained in
Zisis et al.38 employing a different approach based on
the method of integral transforms and generalized
functions.

Numerical solution and results

The numerical solution of the singular integral equation
(56) together with the complementary condition (52) is
accomplished by means of the collocation method for
each indentor profile.

Indentation by a cylindrical indentor

In classical elasticity, the contact tractions for the
cylindrical indentor problem are not singular at the end
points of the contact width x=6b (Johnson50).
Accordingly, guided by the results concerning the mod-
ification of stress singularities in the presence of couple-

Figure 5. Definition of the problem of (a) a cylindrical rigid
body indenting an elastic half-plane and (b) a rigid wedge
indenting an elastic half-plane.
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stresses,34,55 we assume that the pressure distribution
assumes the following form

p(~s)=
X‘

n=0

anUn(~s)
ffiffiffiffiffiffiffiffiffiffiffiffi
1� ~s2

p
ð58Þ

where Un(~s) are the Chebyshev polynomials of the sec-
ond kind. The integral equation then becomes

X‘

n=0

an �
1� n

3� 2n

ð1
�1

Un(~s)
ffiffiffiffiffiffiffiffiffiffiffiffi
1� ~s2
p

(~x� ~s)
d~s+

ð1
�1

Un(~s)
ffiffiffiffiffiffiffiffiffiffiffiffi
1� ~s2

p
~N(~x� ~s)d~s

8<
:

9=
;= � mpb

R
~x, ~xj j41 ð59Þ

It is remarked that the contact area b is not known a
priori and will be determined from the solution of the
boundary value problem. In equation (59), the first
integral is evaluated as a CPV integral by using the
standard relationship

CPV

ð1
�1

Un(~s)
ffiffiffiffiffiffiffiffiffiffiffiffi
1� ~s2
p

(~x� ~s)
d~s=pTn+1(~x) for n50,

~xj j41 ð60Þ

Consequently, one reaches to the following func-
tional equation that can be used in the numerical
discretization

X‘

n=0

an �
(1� n)p

3� 2n
Tn+1(~x)+Wn(~x)

� 

= � mpb

R
~x

ð61Þ

where Wn(~x)=
Ð 1
�1 Un(~s)

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ~s2
p

~N(~x� ~s)d~s is a regular
integral, which can be evaluated by the standard
Gaussian quadrature method. Now, equation (61) is
solved by truncating the series at n=N and using an
appropriate collocation technique with collocation
points chosen as the roots of TN+1(~x), namely,
~xj = cos ((2j� 1)p=(2(N+1))) with j=1, 2, . . . ,
N+1. The complementary condition (52) is then used
for the evaluation of the unknown contact area 2b.

Indentation by a wedge indentor

Next, we consider the problem of the sharp wedge
indentor. As in the classical theory,51 we assume that
the pressure is non-singular at the end points of the
contact area. In this case, the singular integral equation
(53) takes the following form

� 1� n

3� 2n

ð1
�1

p(~s)

~x� ~s
d~s+

ð1
�1

~N(~x� ~s)p(~s)d~s;

= �mp cota sgn(~x), ~xj j � 1,

ð62Þ

where sgn( ) is the signum function, and a is the half-
angle of the indentor (Figure 5(b)). For the solution of
the singular integral equation (62), the approach pro-
posed by Ioakimidis56 is adopted where the loading

function presents jump discontinuities. To this end, we
set

p(~x)=c(~x)+ h(~x) ð63Þ

where c(~x) is a new function to be determined and h(~x)
satisfies the singular integral equation

� 1� n

3� 2n

ð1
�1

h(~s)

~x� ~s
d~s= � mp sgn(~x) cot a, ~xj j41

ð64Þ

Now, equation (66) has the same general form as the
integral equation that describes the shallow wedge
problem in the classical theory.50 A closed-form solu-
tion is then given by

h(~x)=
m(3� 2n) cot a

p(1� n)
log

1+
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ~x2
p

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ~x2
p

 !
ð65Þ

Upon substitution of equation (63) into equation
(63) and by using equation (64), one arrives at

� 1� n

3� 2n

ð1
�1

c(~s)

~x� ~s
d~s

+

ð1
�1

~N(~x� ~s)c(~s)d~s= f(~x), ~xj j41

ð66Þ

where

f(~x)= �
ð1
�1

~N(~x� ~s)h(~s)d~s ð67Þ

Furthermore, the complementary condition in equa-
tion (54) yields

ð1
�1

c(~x)d~x=
P

b
� 2m(3� 2n) cot a

p(1� n)
ð68Þ

It can be readily shown that the function f(~x) is con-
tinuous in the range ~x 2 ½�1, 1�, and thus, the standard
methodology described in the previous section can be
directly applied for the solution of equation (68). As in
the cylindrical indentor case, we assume that c(~s) has
the following form

c(~s)=
X‘

n=0

cnUn(~s)
ffiffiffiffiffiffiffiffiffiffiffiffi
1� ~s2

p
ð69Þ
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Thus, omitting the details of the analysis, the final
functional form of the integral equation becomes

XN
n=0

cn �
(1� n)p

3� 2n
Tn+1(~x)+Wn(~x)

� 

= f(~x) ð70Þ

Again, the unknown contact length b will be deter-
mined from the solution of equation (70) together with
the complementary condition (52). The functional
equation is solved by employing the same collocation
scheme as in previous section. In this case, the solution
presented a slower convergence compared to the previ-
ous case.

Indentation by a punch generating uniform pressure

A problem of practical interest is the determination of
the punch profile for a given traction distribution over
the surface of the half-plane. This is an inverse problem
compared with those already examined as we are stipu-
lating the pressure distribution and wish to deduce the
proper profile of the punch k(x). If the desired contact
pressure is constant, p(x)= p0, and contact is made over
a strip of width 2b, the pressure is given by p0 =P=2b,
and hence equation (56) is now simply an integral rather
than an integral equation. In particular, we obtain

pm

bp0

d~k(~x)

d~x
= � 1� n

3� 2n
CPV

ð1
�1

1

~x� ~s
d~s+

ð1
�1

~N(~x� ~s)d~s

= � 1� n

3� 2n
log

1+ ~x

1� ~x

� �
+

ð1
�1

~N(~x� ~s)d~s, ~xj j\ 1

ð71Þ

and hence

pmp0
b

~k(~x)= � 1� n

3� 2n
(1+ ~x)log(1+ ~x)½

+(1� ~x)log(1� ~x)�+G(~x)+C, ~xj j\ 1

ð72Þ

with G(~x)=
Ð ~x
�1
Ð 1
�1

~N(~t� ~s)d~sd~t and C an arbitrary
constant which reflects the fact that the displacements
within a (2D) half-plane can only be determined up to
a rigid body motion.

Results and discussion

We now proceed to the discussion of the results
obtained for the two indentation problems. In what fol-
lows, we investigate the effect of the ratio ‘=b (normal-
ized indent size) and the Poisson’s ratio n on the
contact pressure distribution, the contact width, and
the average pressure.

Figure 6 presents details of the pressure distribution
characteristics below the cylindrical indentor. It is
observed that the cylindrical indentor suggests a pres-
sure distribution that depends monotonically on the
ratio ‘=b. Moreover, for increasing ratios ‘=b, the pres-
sure below the indentor increases significantly. In fact,
as ‘=b! ‘, the pressure tends to the limitffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3� 2n
p

pclas(x). On the other hand, as ‘=b! 0, we
recover the classical elliptical pressure distribution. A
qualitatively similar behavior is observed for the case
of the wedge indentor in Figure 7. The effect of the
ratio ‘=b upon the pressure ratio distribution becomes
more significant as we approach the sharp tip of the
indentor (x! 0) where both solutions exhibit
logarithmic-type singularities.

One of the most important information that one can
obtain from indentation experiments is the indentation
area (which essentially reduces to a contact width in
the 2D case presented here) and the average pressure as

Figure 6. Distribution of the pressure below the cylindrical indentor with respect to the normalized distance x=b for various ratios
‘=b. Results are shown for Poisson’s ratios n = 0 and 0:5.
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a function of the ratio ‘=b (indent size). To this pur-
pose, the half-contact width b is normalized with the
corresponding half-contact width bclas in classical elasti-
city. Note that bclas =(4(1� n2)PR=(pE))1=2 (see, e.g.,
Johnson50). In the same spirit, the average pressure
pav [P=(2b) is normalized with the corresponding
pav, clas. The results are shown for the two cases studied
previously, that is, the cylindrical and the wedge
indentors.

In Figure 8(a), the dependence of the normalized
contact width b=bclas is shown as a function of the ratio
‘=b, for different values of the Poisson’s ratio n. The
contact width for both cylindrical and wedge indentors
depends strongly on the ratio ‘=b. Indeed, it is observed
that for increasing ‘=b, the measured contact width b
decreases significantly. The qualitative dependence of
the contact width upon ‘=b is the same for both the
cylindrical and wedge indentors. For ‘=b. 2, a plateau

Figure 7. Distribution of the pressure below the wedge indentor with respect to the normalized distance x=b for different ratios
‘=b. Results are shown for Poisson’s ratios n = 0 and 0:5.

Figure 8. (a) Dependence of the dimensionless contact radius b=bclas on the ratio ‘=b and Poisson’s ratio n. (b) Dependence of the
dimensionless average pressure pav=pav, clas on the ratio b=‘ and Poisson’s ratio n. Results are shown for the cylindrical and wedge
indentors.
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is attained and no effect of the ratio ‘=b upon the con-
tact width is further observed. It should be emphasized
that due to the characteristic dependence of the contact
width on the ratio ‘=b, in practice, the experimental
results regarding the internal material length may be
attained in the region 0:1\ ‘=b\ 1, where this depen-
dence is more pronounced.

Next, Figure 8(b) illustrates the effect of the ratio
b=‘ on the normalized average pressure (hardness)
pav=pav, clas. It is observed that when couple-stress effects
are taken into account (‘ 6¼ 0), the hardness increases
significantly compared to the classical prediction. For
example, in the case of a wedge indentor and for a
material with n =0:3 and b=‘=2, a 57% increase is
noted in the average contact pressure. As b=‘ increases,
the hardness decreases monotonically reaching the limit
value of unity. Similar indentation size effects have been
reported in the experiments performed by Han and
Nikolov8 during the elastic deformation of polymers
and particularly of silicone. In their work, they showed
that the indentation size effects are strongly related to
the elastic and not merely to the plastic deformation as
it is reported for the size-dependent deformation of
metallic materials. In fact, indentation experiments with
a Berkovich indentor carried out on heterochain poly-
mers, such as polycarbonate (PC), epoxy, polyethylene
terephthalate (PET), and polyamide 66 or nylon66
(PP66), showed an increased hardness with decreasing
indentation depths, an experimental result which is qua-
litatively very similar to our pav versus b relationship
presented in Figure 8(b). Furthermore, Han and
Nikolov8 reported that the depth at which the hardness
starts to increase depends strongly, in the elastic defor-
mation regime, on the type of the polymer under

consideration. In particular, they reported that the
hardness at small indentation depths (or small contact
areas) can increase from 0% to as much as 300%. In
accord, our analysis showed that depending on the
Poisson ratio, a maximum increase of about 30%–55%
for the cylindrical and an increase of about 65%–130%
for the wedge indentor are attained for a contact area
(length) twice the size of the characteristic material
length (b=‘=1) (see Figure 8).

Despite the qualitative similarities of the wedge
and the cylindrical indentors, the former is distinc-
tively more sensitive to ‘=b as compared to the latter.
For experimental purposes, both cylindrical and
wedge indentors may be used in order to extract the
characteristic material length ‘ of the indented mate-
rial (Figure 8), but from a practical perspective the
use of a large wedge angle and material failure in the
highly stressed region immediately below the wedge
tip may limit the applicability of the present analysis.
On the other hand, the cylindrical indentor, although
less sensitive to the variations in ‘=b, is not suscepti-
ble to these drawbacks and may in reality be the best
geometry to investigate the effect of material length
scale on the behavior of a microstructured elastic
material.

In closing, we present some results regarding the
case of rigid punch generating uniform pressure over a
strip of width 2b along the surface of the half-plane.
Figure 9 illustrates the variation of the punch profile
for various microstructural ratios ‘=b. It is observed
that for increasing ratios ‘=b, the profile of the punch
becomes more blunted exhibiting, thus a decreased cur-
vature compared to the classical profile. The classical
profile is reported to be57

Figure 9. Profiles of the rigid punch producing a constant pressure distribution for different ratios ‘=b. Results are shown for
Poisson’s ratios n = 0 and 0:5.

12 Journal of Strain Analysis

 at CAMBRIDGE UNIV LIBRARY on November 4, 2015sdj.sagepub.comDownloaded from 

http://sdj.sagepub.com/


~kclass(~x)=
b(1� n)p0

pm

(1+ ~x)log(1+ ~x)+ (1� ~x)log(1� ~x)½ �+C, ~xj j41

ð73Þ

Note that the classical elasticity solution for the pres-
ent normalization is independent of the Poisson’s ratio
effect, while the solution of the couple-stress elasticity
retains the dependence on n.

Conclusion

In this study, the half-plane Green’s functions have
been derived within the framework of the generalized
continuum theory of couple-stress elasticity. This the-
ory introduces a characteristic material length in order
to describe the pertinent scale effects that emerge from
the underlying microstructure. The Green’s function is
used for the formulation of two basic 2D plane strain
contact problems—that is, the cylindrical and the
wedge indentation problems—in terms of singular inte-
gral equations.

Our results exhibit significant departure from the
predictions of classical elasticity. Regarding the concen-
trated load problem, we note that although the displa-
cement components exhibit the same asymptotic
behavior as in the classical theory, their detailed struc-
ture is quantitatively different in couple-stress elasticity.
Moreover, in marked contrast to the classical theory,
the rotation becomes bounded when calculated in the
context of couple-stress theory. The departure from the
classical elasticity is more significant near the point of
the application of the load, where the rotation/strain
gradients are more pronounced, while as we move fur-
ther from the point of the application of the load the
differences decay and the couple-stress solution
approaches the classical.

Regarding the cylindrical and wedge indentation
problems, it is shown that for increasing ratio ‘=b the
pressure below the indentor increases significantly com-
pared to the classical elasticity predictions. Moreover,
it is observed that as the characteristic material length ‘
increases, the contact width b decreases. In light of the
above, the elastic indentation of microstructured solids,
which introduces a more complex loading situation,
may also act as a good alternative to common tests
such as simple shear and pure bending in order to iden-
tify the characteristic material length and provide more
accurate information closer to real-life conditions.
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